Udgldwlyh ghfd| ri wkh Σ^∋ lqwr δZ^n Z^∗ /δg^n g^∗ dqg δg^f_7g^f_7

Z hl \ dqj

Ghsduwp hqwri Sk| vlfv Frorudgr Vwdwh Xqlyhuvlw| z | dqj Crp hj d1sk| vlfv1frorvwdwh1hgx

P dufk 45wk/ 4<<<

Devwudfw

Wkh 619{ 43^S Σ^≺gdwd froohfwhg e| wkh EHVghwhfwru kdv ehhq xvhg wr vwxg| wkh Σ^≺ udgldwlyh ghfd| lqwr δZ^n Z^∋ /δN^n N^∋ dqg δN^f_7 N^f_7 dwwkh uhj lrq z khuh wkh Z^n Z^∋ /N^n N^∋ dqg N^f_7 N^f_7 lqyduldqwp dvvhv duh vp doohu wkdq 6 J hY1Wkh i2+45: 3, dqg ia +4: 43, vlj qdov kdyh ehhq vhhq dqg wkh eudqfk iudfwlrq ri Σ^≺ ℜ δs2E�2. fødqg Σ^≺ ℜ δsa E�. �føℜ δg 7g kdyh ehhq p hdvxuhg1 Wkh uhvxowv vkrz v wkdwwkhvh udgldwlyh ghfd| p r ghv duh qrwvxssuhvvhg iurp wkh �48( uxoh�1

Lwlv eholhyhg wkdwwkh grp lqdqwsurfhvvhv ri M∂ϑ dqg ϑ^∋ kdgurqlf ghfd| duh wkurxj k wkuhh j oxrqv dqg wkh vwurqj frxsolqj frqvwdqwd_v grhvq*wfkdqj h vlj ql�fdqwo| iurp wkh M∂ϑ p dvv wr wkh ϑ^∋ p dvv1 Wkh orz hvwrughu shuwxuedwlyh TFG suhglfwv wkh �48( uxoh� edvhg rq wklv dvvxp swlrq= T @ E+ϑ^∋ ↔ ♭ , E+M∂ϑ ↔ ♭ , @ E+ϑ^∋ ↔ j j j , E+M∂ϑ ↔ j j j , @ E+ϑ^∋ ↔ o^. o^∗ , E+M∂ϑ ↔ o^. o^∗ , @+47/9⊖ 5/5,(

z khuh [ lv dq duelwudu| qrq0fkdup rqlxp vwdwh1 Uhvxowv iurp wkh P dun LLh{shulp hqwdqg wkh EHV h{shulp hqwvkrz wkdwp rvwri wkh ϑ^∋ghfd| fkdqqhov iroorz wkh wkhruhwlfdosuhglfwlrq1 Exw wkh ϑ^∋ghfd| lqwr yhfwru0svhxgrvfdodu p rghv vxfk dv ϑ^∋ ↔ υτ dqg N^±N/ dv z hoodv ϑ^∋ghfd| lqwr yhfwru0whqvru p rghv duh vxssuhvvhg iurp wkh �48( uxoh�1

Wkh ϑ^∋ udgldwlyh ghfd| p rghv duh vlp loldu wr lwv kdgurqlf ghfd| p rghv z lwk rqh ri wkh j oxrq ehlqj uhsodfhg e| d skrwrq1 Dqg lwlv eholhyhg wkdwwkh �48( uxoh� vkrxog dovr krog iru udgldwlyh ghfd| p rghv^4‘1 Lq wklv vwxg| lqj / z h xvh wkh <62<72<8 ϑ^∋ gdwd vhwv froohfwhg e| EHVwr vwxg| wkh ϑ^∋ ↔ ζτ^. τ^∗ /ζN^. N^∗ dqg ζN^3_VN^3_V z lwk τ^. τ^∗ /N^. N^∗ dqg N^3_VN^3_V lqyduldqwp dvv ehorz 6 J hY1

4 Σ^∋↔ δZ^. Z^∗

Wkh hyhqwvhohfwlrq iru wklv fkdqqhovwduwv iurp GVWgdwd z lwk 5 fkduj hg wudfnv1 Wkh iroorz lqj fulwhld duh lp srvhg wr hdfk hyhqw=

41 Wz r fkduj hg wudfnv z lwk ⋃ T_l @3 dqg wkh �p �w� sdudp hwhu duh 5 iru erwk wudfnv1

51 Dwohdvwrqh skrwrq klwdwEduuhoVkrz hu Frxqwhu dqg wkh hqhuj | ghsrvlwhg lq lwvkrxog eh oduj hu wkdq 43 P hY1

61 Wkh rshqlqj dqj oh ri wkhvh wz r fkduj hg wudfnv lv vp doohu wkdq 4: 8^r 1 ⇕♯_4 ∗ ♯_5 ⇕⋆ 8fp 1 D yhuwh{ fdq eh irxqg iurp wkhvh wz r fkduj hg wudfnvdqg wkh ] frruglqdwh ri wkh yhuwh{ vdwlvi| ⇕♯_Y ⇕⋆ 9fp 1

71 I ru hdfk fkduj hg wudfn/ z h dvnhg ⇕frv+λ,⇕⋆ 3/;8>U^{ıȷ} ⋆ 43fp dqg ♯ ⋆ 48fp >Lq rughu wr uhp ryh h_. h_∗ ↔ +ζ,h_. h_∗ surfhvv/ z h uht xluhg wkdwiru hdfk wudfn z lwk p rp hqwxp oduj hu wkdq : 33 P hY/ H∂S ⋆ 3/: 8 dqg iru erwk wudfnv/ +H^. ∂S^. ∗ 4,_5 . +H^∗ ∂S^∗ ∗ 4,_5 A 3/71 Dovr/ wr uhp ryh π_. π_∗ hyhqwv/ z h uht xluh wkdwwkhuh vkrxog qrweh p ruh wkdq 6 od| huv ehlqj klwlq

P xrq ghwhfwru1

81 Z h glg 70F �wv ryhu τ_. τ_∗ dqg doo srvvleoh j rrg skrwrqv dqg wkh skrwrq lq wkh ζτ_. τ_∗ frp elqdwlrq wkdwkdvvp doohvwε_5 lvvhohfwhg dvwkhudgldwlyhskrwrq fdqglgdwhdqg z huht xluhg wkdwsuredelolw| ri wklv ε_5 lv oduj hu wkdq 31341 Nlqhp dwlf �wiru ζN_. N_∗ lv dovr grqh dqg vkrxog kdyh d vp doohu ε_5 suredelolw| lq rughu iru wklv hyhqwwr vxuylyh1

91 I lqdoo| / wkh rshqlqj dqj oh ehwz hhq wkh udgldwlyh ζ dqg dq| fkduj hg wudfnv vkrxog eh oduj hu wkdq 48_r 1

Wkh τ_. τ_∗ lqyduldqwp dvvlvvkrz q lq I lj 1 4+d,1 Z kloh wkh i^5+45: 3, vlj qdolvyhu| reylrxv/ wkhuh duh dovr vwurqj THG edfnj urxqg suhvhqwhg1 Wkh lqlwldovwdwh udgldwlrq surfhvv h_. h_∗ ↔ ζυ_3 ↔ ζτ_. τ_∗ frqwulexwhv wr wkh υ_3 vlj qdolq wkh sorwdqg h_. h_∗ ↔ +ζ,π_. π_∗ surfhvv frqwulexwhv wr wkh frqwlqxrxv edfnj urxqg1

Lq rughuwr uhp ryhwkhvhTHG edfnj urxqg/ z hihg wkhχ vfdq gdwd froohfwhg e| wkhEHVghwhfwru lqwr rxusurj udp 1 Wkh uhvxowlvvkrz q lq I lj 4+e,1 Z h fdq vfdoh wkhvh wz r klvwrj udp vdqg vxewudfw wkh| wr uhp ryh wkh THG edfnj urxqg lq ϑ_∋ gdwd1 Krz hyhu/ wkh vlwxdwlrq ri wkh EHVfdorulp hwhudw wkh wlp h wkh χ vfdq gdwd z dv wdnhq z dv srru dqg wklv suhyhqwxv iurp vfdolqj wkh wz r klvwrj udp v e| xvlqj wkh nqrz q lqwhj udwhg oxp lqrvlwlhv ri wkh wrwdoϑ_∋ gdwd dqg χ gdwd1 Lqvwhdg/ z h xvhg wkh qxp ehu ri hyhqwv z lwk τ_. τ_∗ lqyduldqwp dvv orz hu wkdq ; 83 P hY rq wkh wz r sorwv wr vfdoh wkhp dqg wkhq glg wkh vxewudfwlrq1 Wkh vfdolqj idfwru lv ⊃ 4/¡1 Wkh uhvxowlv vkrz q lq I lj 1 5+d,1

Lq rughu wr �wwkh klvwrj udp lq I lj 1 5+d,/ z h dgrswhg d vshfldo irup ri uhodwlylvwlf Euhlw0

Z lj qhuixqfwlrq wr ghvfulswwkh udwkhueurdg vlj qdolq ϑ_∋ udgldwlyh ghfd| lqwr wz r lghqwlfdosvhxgr0 vfdoduv^5‘= gϕ gp_5 @F ⇕W⇕_5 S p^ϑ ∋ T p +4, z khuh=

⊆ F lv d frqvwdqwwkdwz looeh frp sxwhg qxp hulfdoo| edvhg rq qrup dol}dwlrq1

⊆ p lv wkh lqyduldqwp dvv ri wkh wz r svhxgr0vfdoduv1

⊆ S lv wkh p rp hqwxp ri wkh τ_. τ_∗ lq ϑ_∋ uhvwiudp h1

⊆ T lv wkh p rp hqwxp ri wkh τ_{. ∂∗} lq τ_. τ_∗ *v uhvwiudp h1

⊆ Wlv wkh lqyduldqwdp solwxgh ghvfulelqj wkh surgxfwlrq dqg ghfd| ri wkh i^5+45:3,1

Li z h wklqn wkdwWkdv wkh irup = W@ T_v p_5^3 ∗ p_5 ∗ lp^3Λ^{wrwdo}+H, z khuh vlvwkh vslq ri wkh uhvrqdqwz klfk lv5 irui^5+45: 3,+M_{S F} @5_{. .} ,1 Frqvlghuwkdwi^5+45: 3, ↔ ττ dqg N ßN p dgh <3( ri lwvwrwdoghfd| z lgwk/ z h fdq p dnh d j rrg dssur{lp dwlrq rq wkh hqhuj | ghshqghqwz lgwk Λ^{wrwdo}+H,= 5

Λ_{wr wdo}+H, @ Λ_3 p_3 p ⋄ +5, E+i_5 ↔ ττ, ⌋_{T τ +p ,} T_τ +p_3 ,

⌈_{+5v. 4,}

. λ+p_N ,E+i_5 ↔ N ßN, ⌋_{T N +p ,} T_N +p_3 ,

⌈_{+5v. 4,}

E+i_5 ↔ ττ, . E+i_5 ↔ N ßN,

λ+p_N , @λ+p ∗ +p_N . p ß_N ,, @

3 li p ⋆ +p_N . p ß_N ,> 4 li p A +p_N . p ß_N ,>

z khuh λ lv vwhs ixqfwlrq/ p_3 dqg Λ_3 duh wkh p dvv dqg z lgwk ri i_5+45: 3, rq SGJ 1 Wkh edfnj urxqg lv ghvfulehg e| p rgl�hg Ohj hqguh sro| qrp ldoixqfwlrqv= 4 p_{p d–} ∗ p_{p lq} Q_{s r oȷ}⋃

l@3 e_ls_l+ı,S+p ,T+p , +6,

ı @5 p ∗ p_{p lq} p_{p d–} ∗ p_{p lq} ∗ 4>ı ▽ ^∗ 4>4‘ z khuh s_l+ı,*v duh wkh Ohj hqguh sro| p ruqldo1 e_l*v duh frh! flhqwv dqg e_3 @4 iru qrup dol}dwlrq li S dqg T duh qrwsuhvhqwhg dwkhuh1 Wkh uhdvrq S dqg T duh khuh lv wr nhhs wkh Oruhqw} lqyduldqw skdvh vsdfh ehkdylru1 Wkh edfnj urxqg ixqfwlrq*v qrup dol}dwlrq lv grqh qxp hulfdoo| 1 Z lwk wkh p dvv dqg z lgwk ri i_5+45: 3, �{hg dwSGJ ydoxhv/ z h �wwkh klvwrj udp z lwk d G0 z dyh Euhlw0Z lj qhu ixqfwlrq dqg lwj lyhv xv 549/6 ⊖ 4: /; hyhqwv1 Wkh h! flhqf| ri wklv dqdo| vlv lv 6; 19( fdofxodwhg iurp wkh xqlirup skdvh vsdfh P rqwh Fduor vlp xodwlrq z lwk G0z dyh Euhlw0Z lj qhu lqfoxghg/ dv vkrz q lq I lj 1 5+e,1 Dvvxp lqj E+i_5+45: 3, ↔ τ^. τ^∗ , =E+i_5+45: 3, ↔ τ^3τ^3, @5 =4 dffruglqj wr wkh lvrvslq/ z h rewdlq=

E+ϑ^∋ ↔ ζi_5+45:3,, @+5/: 4⊖ 3/55⊖ 3/78, ⋄ 43^{∗ 7}

z khuh wkh �uvwhuuru lv vwdwlvwlfdodqg wkh vhfrqg huuru lv v| vwhp dwlf1 Wdeoh 4 olvwv wkh qxp ehu ri hyhqwv vxuylyhg ydulrxv fxwv iru erwk ϑ^∋ gdwd dqg P rqwh Fduor gdwd1 Wdeoh 5 olvwv wkh p dmru vrxufhv ri v| vwhp dwlf huuru1 Lq I lj 15+d, wkhuh lv dovr d srwhqwldovlj qdori i_M+4:33, ↔ τ^. τ^∗ exw z h glgq*wwu| wr �wwkh p dvv sorwz lwk lw1

Frp sdulqj rxu uhvxowri E+ϑ^∋ ↔ ζi_5+45: 3,, z lwk E+M∂ϑ ↔ ζi_5+45:3,, @+46/; ⊖ 4/7, ⋄ 43^{∗ 7} rq SGJ / z h j hwwkh udwlr ri wkhvh wz r eudqfklqj iudfwlrqv= T @ E+ϑ^∋ ↔ ζi_5+45:3,, E+M∂ϑ ↔ ζi_5+45:3,,

@+4¡/9⊖ 4/9⊖ 6/6,(

Wkh SGJ ydoxhri E+M∂ϑ ↔ ζi_5+45: 3,, lvdfwxdoo| rewdlqhg iurp d volj kwo| lp surshuo| kdqgohg dqdo| vlv1 Li z h xvh wkh P dun LLL*v uhvxowri E+M∂ϑ ↔ ζi_5+45: 3,, @+48/9⊖ 4/7, ⋄ 43^{∗ 7}^6‘/ z h wkhq kdyh= T @ E+ϑ^∋ ↔ ζi_5+45:3,, E+M∂ϑ ↔ ζi_5+45:3,,

@+4:/6⊖ 4/7⊖ 5/¡,(

Wkh E+ϑ^∋ ↔ ζi_5+45: 3,, z h p hdvxuhg fohduo| vkrz v wkdw�Wkh 48( uxoh krog iru ϑ^∋ udgldwlyh ghfd| lqwr ζi_5+45: 3,�1

I lj xuh 4=Lqyduldqwp dvv ri τ_. τ_∗ lq=+d, ϑ_∋gdwd>+e,χ vfdq gdwd

Gdwd P rqwh Fduor

Qxp ehu ri hyhqwv frp h lq 7: ; 9765 5; 943 ⋃ T^l @3>Q^ζ A 3>p �w@5 4395856 543; 5 ζ klwdwEVF/ H^ζ A 43P hY <<556; 4<667

⇕♯^4 ∗ ♯^5⇕⋆ 8fp >⇕♯^Y ⇕⋆ 9fp >λ^τ .^τ ∗ ⋆ 4:8_r 677<78 48: : ;

Wrwdoπ od| huv⋆ 6>⇕frv+λ^τ ,⇕⋆ 3/;8>U^{ıȷ} ⋆ 43fp >♯ ⋆ 48fp >

H∂S ⋆ 3/:8>+H^. ∂S^. ∗ 4,_5 . +H^∗ ∂S^∗ ∗ 4,_5 A 3/7 4<; 4: 6 475; 7

7F �wε_5+ζτ_. τ_∗ , ⋆ 83 876: 465<5

S^ε 5 +ζτ_. τ_∗ , A S^ε 5 +ζN_. N_∗ ,>S^ε 5 +ζτ_. τ_∗ , A 3/34> dqg uhp ryh THG edfnj urxqg Q2D 443<5 λ^{ζτ} A 48_r 5; 91; 4437;

Wdeoh 4=Qxp ehu ri ζτ_. τ_∗ hyhqwv vxuylyh ydulrxv fxwv

7

I lj xuh 5= Lqyduldqwp dvv ri τ^. τ^∗ lq +d, ϑ^∋ gdwd/ diwhu THG edfnj urxqg vxewudfwlrq1 +e, P rqwh Fduor gdwd

P dmru fxwv E+ϑ^∋ ↔ ζi_5+45:3,, gl�huhqfh+( , S_ε 5 +ζτ^. τ^∗ , A 3/34 ↔ 3/38 461: ( ⇕♯_Y ⇕⋆ 9fp ↔ 8fp <15( λ_{ζτ} A 48^r ↔ 43^r 418( Wrwdo 4919(

Wdeoh 5=V| vwhp Huuru hvwlp dwlrq ri E+ϑ^∋ ↔ ζi_5+45:3,,

8

5 Σ_∋↔ δg_. g_∗

Wkh hyhqwvhohfwlrq ri wklv p rgh lv vlp loldu wr wkdwz h xvhg lq ζτ_. τ_∗ p rgh/ h{fhswwkdwz h xvh wkh WRI dqg gH2g{ lqirup dwlrq iru sduwlfoh lghqwl�fdwlrq=

⊆ Fkduj hg wudfn z lwk p rp hqwxp vp doohuwkdq : 33 P hY dqg kdyh j rrg EduuhoWlp h0Ri0I olj kw klwv lv frqvlghuuhg dv d Ndrq fdqglgdwh li wkh WRI z hlj kwri Ndrq lv oduj hu wkdq 31344+fru0 uhvsrqg wr 6ϕ, dqg dovr oduj hu wkdq wkh WRI z hlj kwri slrq1

⊆ Fkduj hg wudfn z lwk p rp hqwxp vp doohu wkdq 933 P hY dqg z lwk gH2g{ lqirup dwlrq h{lvwlv frqvlghuuhg dv d Ndrq fdqglgdwh li ϕ^n ⋆ 6 dqg ϕ^n ⋆ ϕ^τ 1

⊆ Li d orz p rp hqwxp wudfn lvqrwfrqvlghuuhg dvNdrq fdqglgdwh e| hlwkhuWRI rugH2g{/ wkh hyhqwlv uhp ryhg iurp ixuwkhu vwxg| lqj 1

⊆ 70F Nlqhp dwlf �wvduh dovr grqh rq doofrp elwlrqviruerwk ζN_. N_∗ dqg ζτ_. τ_∗ k| srwkhvlvhv dqg dqg z h uht xluhg wkdwS^ε 5 +ζN_. N_∗ , A S^ε 5 +ζτ_. τ_∗ , dqg S^ε 5 +ζN_. N_∗ , A 3/341

I lj 1 6+d, dqg +e, vkrz wkh lqyduldqwp dvv glveulexwlrq ri N_. N_∗ lq ϑ_∋ gdwd dqg lq χ vfdq gdwd uhvshfwlyho| 1 Wkh lqlwldovwdwh udgldwlrq surfhvv h_. h_∗ ↔ ζω ↔ ζN_. N_∗ lv fohduo| vkrz q lq wkh wz r sorwv1 Qrwh wkdwwkh udwlr ri wkh qxp ehu ri ω hyhqwv lq wkhvh wz r sorwv lv frqvlvwdqwz lwk wkh udwlr z h j rwiurp ζτ_. τ_∗ dqdo| vlv1 I lj 1 7+d, vkrz v wkh p dvv sorwri N_. N_∗ lq ϑ_∋ gdwd diwhu wkh uhp rydori THG edfnj urxqg1 I lj 1 7+e, lvwkh vlj qdoiurp d p rgl�hg skdvh vsdfh P rqwh Fduor z klfk whoov xv wkh h! flhqf| ri 6; 14( 1

Z h �wi^M+4: 43, vlj qdolq I lj 1 7+d, e| xvlqj d vlp loldu uhodwlylvwlf Euhlw0Z lj qhu wkdwz h xvhg lq wkh ζτ_. τ_∗ vwxg| lqj 1 Wkh M_{S F} ri i^M+4:43, lv hyhq_{. .} rq SGJ 1Z h dvvxp h wkh vslq ri wkh i^M+4: 43, lv }hur exwwkh �wlv dfwxdoo| lqvhqvlwlyh wr wkh vslq z h dvvxp h1 E| �{lqj wkh p dvv dqg z lgwk ri i^M+4:43, wr wkh SGJ ydoxh/ wkh �wj lyhv xv +:4/5⊖ 43/9, hyhqwv dqg d eudqfklqj iudfwlrq ri= E+ϑ_∋ ↔ ζi^M+4:43, ↔ ζN ßN, @+4/37⊖ 3/48⊖ 3/4;, ⋄ 43_{∗ 7}

Wkh qxp ehu ri hyhqwv vxuylyh hdfk fxwduh olvwhg lq Wdeoh 6 dqg wkh v| vwhp dwlf huuru vrxufhv duh olvwhg lq Wdeoh71Frp sduhwr wkhSGJ ydoxhri E+M∂ϑ ↔ ζi^M+4:43, ↔ ζN ßN, @+¡/: ⊖ 4/5,⋄ 43_{∗ 6}/ z h kdyh wkh udwlr ri wkh wz r eudqfklqj iudfwlrqv= T @ E+ϑ_∋ ↔ ζi^M+4:43, ↔ ζN ßN, E+M∂ϑ ↔ ζi^M+4:43, ↔ ζN ßN, @+43/: ⊖ 5/3⊖ 5/6,(

Dj dlq/ wklv uhvxowvkrz v wkdw�Wkh 48( uxoh krog iru ϑ_∋ udgldwlyh ghfd| lqwr ζi^M+4:43,�1

Lq dgglwrq/ exp s dw⊃ 4/6J hY uhj lrq rq I lj 1 7+d, p lj kwlqglfdwh ϑ_∋ ↔ ζi^5+45: 3, ↔ ζN_. N_∗ vlj qdo1 Exwz h grq*wkdyh d j rrg �wryhu lw1 Exp s dw⊃ 4/8J hY uhj lrq lqglfdwhv wkhuh duh hyhqwv hlwkhu iurp ϑ_∋ ↔ ζi_∋^5+4858, ↔ ζN_. N_∗ ru iurp wkh frqwhup lqdwlrq ri ϑ_∋ ↔ ζi^5+45:3, ↔ ζτ_. τ_∗ z lwk erwk τ_. τ_∗ ehhq p lvlghqwl�hg dwN_. N_∗ 1 Wr hvwlp dwh wkh frqwhup lqdwlrq ri wklv p lvlghqwl�fdwlrq/ z h ihg wkh ϑ_∋ ↔ ζi^5+45:3, ↔ ζτ_. τ_∗ P rqwh Fduor gdwd wr rxuζN_. N_∗ dqdo| vlv surj udp 1 Wkh uhvxowlv vkrz q lq I lj 1 8+d,1 Wkh frqwhup lqdwlrq lv hvwlp dwhg wr eh 418( / ru 471;

hyhqwvlq wklvp dvvuhj lrq dffruglqj wr wkh eudqfklqj iudfwlrq ri ϑ_∋ ↔ ζi^5+45: 3, z h mxvwrewdlqhg1

Wkh| duh shdnhg dw⊃ 4/8J hY uhj lrq1 Dwwklv vwdj h/ lwlv kdug wr vd| z kdwlv uhdoo| dw⊃ 4/8J hY uhj lrq1 Wkh lqyduldqwp dvv ri N_. N_∗ iurp d P rqwh Fduor vlp xodwhg ϑ_∋ ↔ ζτ_. τ_∗ surfhvv lv dovr vkrz q lq I lj 1 8+e,1 9

I lj xuh 6=Lqyduldqwp dvv ri N^. N^∗ lq +d, ϑ^∋ gdwd +e, χ vfdq gdwd

Gdwd P rqwh Fduor Qxp ehu ri hyhqwv frp h lq 7: ; 9765 5; 94 ⋃ T_l @3>Q_ζ A 3>p �w@5 4395856 5393 ζ klwdwEVF/ H_ζ A 43P hY <<556; 4; : : ⇕♯_4 ∗ ♯_5⇕⋆ 8fp >⇕♯_Y ⇕⋆ 9fp >λ_τ ._τ ∗ ⋆ 4: 8^r 677<78 485< Wrwdoπ od| huv⋆ 6> ⇕frv+λ_N ,⇕⋆ 3/;8>U_{ıȷ} ⋆ 43fp >♯ ⋆ 48fp > H∂S ⋆ 3/: 8>+H_. ∂S_. ∗ 4,^5 . +H_∗ ∂S_∗ ∗ 4,^5 A 3/7> WRI dqg gH2g{ fxwv 98; 33 469; 7F �wε^5+ζN^. N^∗ , ⋆ 83 7669 45: 3 S_ε 5 +ζN^. N^∗ , A S_ε 5 +ζτ^. τ^∗ ,>S_ε 5 +ζN^. N^∗ , A 3/34> dqg uhp ryh THG edfnj urxqg Q2D 43: 4 λ_{ζτ} A 48^r 55; 15 43: 3

Wdeoh 6=Qxp ehu ri ζN^. N^∗ hyhqwv vxuylyh ydulrxv fxwv

:

I lj xuh 7=Lqyduldqwp dvvri N_. N_∗ lq +d, ϑ_∋ gdwd diwhuwkh uhp rydori THG edfnj urxqg +e, P rqwh

Fduor gdwd1

P dmru fxwv E+ϑ_∋ ↔ ζi^M+4:43,, gl�huhqfh+( ,

S^ε 5 +ζN_. N_∗ , A 3/34 ↔ 3/38 4916( ⇕♯^Y ⇕⋆ 9fp ↔ 8fp 61; ( λ^{ζτ} A 48_r ↔ 43_r 71; (

Wrwdo 4: 17(

Wdeoh 7=V| vwhp dwlf huuru hvwlp dwlrq ri E+ϑ_∋ ↔ ζi^M+4: 43,,

; Gdwd P rqwh Fduor

Qxp ehu ri hyhqwv frp h lq 56: 37: < 47638 ⋃ T^l @3>Q^ζ A 3>p �w@5 89<; 98 97: < ζ klwdwEVF/ H^ζ A 43P hY 896: 77 9337

⇕frv+λ^τ ,⇕⋆ 3/; 8>U^{ıȷ} ⋆ 43fp >♯ ⋆ 48fp >H∂S ⋆ 3/: 8 73797< 785:

S^ε 5 +ζτ_. τ_∗ τ_. τ_∗ , A 3/34 45648 66<6

⇕p^τ .^τ ∗ ∗ p^N 3^V ⇕⋆ 53P hY 44< 6368

Wdeoh 8=Qxp hu ri ζτ_. τ_∗ τ_. τ_∗ hyhqwv vxuylyh ydulrxv fxwv

P dmru fxwv E+ϑ_∋ ↔ ζi^M+4:43,, gl�huhqfh+( ,

S^ε 5 +ζτ_. τ_∗ τ_. τ_∗ , A 3/34 ↔ 3/38 5517(

⇕p^τ .^τ ∗ ∗ p^N 3^V ⇕⋆ 53P hY ↔ 43P hY 7716(

Wrwdo 7<19(

Wdeoh 9=V| vwhp dwlf huuru hvwlp dwlrq iru E+ϑ_∋ ↔ ζN_3^v N_3^v ,

6 Σ_∋↔ δg_3^Vg_3^V

Wkh hyhqwvvhohfwlrq iruwklvfkdqqhovwduwhg iurp GVWgdwd z lwk irxufkduj hg wudfnvdqg lvvlp loldu wr wkdwz h kdyh grqh suhylrxvo| =

41 I rxu fkduj hg wudfnv z lwk ⋃ T^l @3 dqg wkh �p �w� sdudp hwhuv duh doo51

51 Dwohdvwrqh skrwrq klwdwEduuhoVkrz hu Frxqwhu dqg wkh hqhuj | ghsrvlwh lq lwvkrxog eh oduj hu wkdq 43 P hY1

61 I ruhdfk fkduj hg wudfn/ z h dvnhg ⇕frv+λ,⇕⋆ 3/;8>U^{ıȷ} ⋆ 43fp >♯ ⋆ 48fp >Lq rughuwr uhp ryh hohfwurqv dqg srvlwlrqv/ z h uht xluhg wkdwH∂S ⋆ 3/:8 dqg iru dq| wudfnv z lwk p rp hqwxp oduj hu wkdq 413J hY1

71 70F �wvz lwk dooj rrg skrwrqvdvudgldwlyhskrwrq fdqglgdwh lq dooζτ_.^4 τ_∗^5 τ_.^6 τ_∗^7 frp elqdwlrqv duhgrqhdqg z hwkhq vhohfwwkhfrp elqdwlrq z lwk vp doohvw

+p^τ .^{4 τ} ∗^5 ∗ p^N 3^V ,_5 . +p^τ .^{6 τ} ∗^7 ∗ p^N 3^V ,_51

Z h uht xluhg wkdwsuredelolw| ri wklv ε_5 lv oduj hu wkdq 31341

81 Ydulrxv sorwv duh vkrz q lq I lj 1 91 I lwwlqj I lj 1 9+e, z lwk d j dxvv ixqfwlrq j lyhv xv wkh p dvv uhvroxwlrq ri p^N 3^V ht xdov ; /¡P hY1 Vr z h dsso| dqrwkhu fxw= iru hdfk sdlu ri τ_. τ_∗ / z h uht xluhg ⇕p^τ .^τ ∗ ∗ p^N 3^V ⇕⋆ 53P hY1

I lj ; vkrz wkh lqyduldqdwp dvv ri τ_. τ_∗ τ_. τ_∗ 1 Wkh skdvh vsdfh P rqwh Fduor +I lj ; +e,, whoov xv wkh h! flhqf| ri wkh surj udp lv 5415( 1 Vlqfh wkhuh duhq*wp dq| hyhqwv lq I lj ; +d,/ z h vlp so| frxqwwkh qxp ehu ri hyhqwv ⊃ 4/: J hY z klfk j lyhv xv +9⊖ ∫ 9, hyhqwv dqg eudqfklqj iudfwlrq=

E+ϑ_∋ ↔ ζi^M+4:43, ↔ ζN ßN, @+4/64⊖ 3/86⊖ 3/98, ⋄ 43_{∗ 7}

Wkh qxp ehu ri hyhqwv vxuylylqj ydulrxv fxwv iru uhdogdwd dqg P rqwh Fduor gdwd duh olvwhg lq

Wdeoh 8 dqg wkh p dmru vrxufhv ri v| vwhp dwlf huuru duh olvwhg lq Wdeoh 91 Wkh uhvxowrewdlqhg iurp wklv fkdqqholv frqvlvwdqwz lwk wkh uhvxowrewdlqhg iurp ζN_. N_∗ /

43

I lj xuh 9= Lqyduldqwp dvv ri τ^. τ^∗ lq +d, ζτ^. τ^∗ τ^. τ^∗ P rqwh Fduor +e, ζi_M+4: 43, ↔ ζN^3_VN^3_V ↔ ζτ^. τ^∗ τ^. τ^∗ P rqwh Fduor +f, ϑ^∋ gdwd1

44

I lj xuh : =P_5^{τ . τ ∗} yv1 P_5^{τ . τ ∗} lq ϑ_∋ gdwd1

45

I lj xuh ; =Lqyduldqwp dvv ri τ^. τ^∗ τ^. τ^∗ lq +d, ϑ^∋ gdwd +e, ϑ^∋ ↔ ζτ^. τ^∗ τ^. τ^∗ skdvh vsdfh P rqwh Fduor1

46

7 Vxp p du|

Lq wklv dqdo| vlv/ z h xvhg wkh ⊃ 6/9⋄ 43_9 ϑ_∋ gdwd froohfwhg e| wkh EHVghwhfwru ^7‘dqg z h vwxglhg wkh udgldwlyh ghfd| surfhvvhv ri ϑ_∋ lqwr ζτ_. τ_∗ /ζN_. N_∗ dqg ζN_3^VN_3^V1 Vlj qdov ri i^5+45:3, dqg i^M+4: 43, kdyh ehhq vhhq lq ϑ_∋ ↔ ζτ_. τ_∗ dqg ζN_. N_∗ fkdqqhov dqg wkh eudqfklqj iudfwlrqv ri ϑ_∋ udgldwlyh ghfd| lqwr wkhp kdyh ehhq p hdvxuhg dv=

E+ϑ_∋ ↔ ζi^5+45:3,, @+5/:4⊖ 3/55⊖ 3/78, ⋄ 43_{∗ 7}

E+ϑ_∋ ↔ ζi^M+4:43, ↔ ζN ßN, @+4/37⊖ 3/48⊖ 3/4;, ⋄ 43_{∗ 7}

I urp wkh ζN_3^VN_3^V z h dovr rewdlqhg d frqvlvwdqwuhvxow=

E+ϑ_∋ ↔ ζi^M+4:43, ↔ ζN ßN, @+4/64⊖ 3/86⊖ 3/98, ⋄ 43_{∗ 7}

Gxh wr wkh vwurqj THG edfnj urxqg dqg odfn ri vwdwlvwlfv/ z h kdyh qrwwulhg wr ghwhup lqdwh wkh vslq ri i^M+4: 43,1

Wkh udwlrhv ri wkhvh eudqfklqj iudfwlrqv dqg wkrvh fruuhvsrqglqj eudqfklqj iudfwlrqv lq M∂ϑ ghfd| duh= T @ E+ϑ_∋ ↔ ζi^5+45:3,,

E+M∂ϑ ↔ ζi^5+45: 3,, @+4¡/9⊖ 4/9⊖ 6/6,(

T @ E+ϑ_∋ ↔ ζi^M+4:43, ↔ ζN ßN, E+M∂ϑ ↔ ζi^M+4:43, ↔ ζN ßN, @+43/: ⊖ 5/3⊖ 5/6,(

Wkhvh uhvxowv vkrz wkdwwkh wkhruhwlfdosuhglfwlrq e| wkh orz huvwrughu TFG duh iroorz hg lq wkhvh udgldwlyh ghfd| p rghv1

Lwvkrxog srlqwrxwwkdwdowkrxj k qrwixoo| dffrp solvkhg e| dqdo| vlvp hp r/ Ol [ lqkxd dqg Eloo

Gxqz rrglh kdg p dgh slrqhhu z run lq wkhvh duhd dqg wkhlu lghd lv dgrswhg lq wklv vwxg| lqj ^8‘^9‘1

Uhihuhqfhv

^4‘ W1 Dsshot xlvw/ D1 Gh Uxmxod/ K1G1 Srolw}hu1 V1O1 J odvkrz 1 Sk| v1 Uhy1 Ohww1 617+4<: 8, 696>

P 1Fkdqrz lw}/ Sk| v1 Uhy1 G1 45+4<: 8, <4; > O1 Rnxq dqg P 1 Yrorvklq/ LWHS0<804<: 9> V1M1

Eurgvn| / W1D1GhJ udqg/ U1U1Kruj xq/ G1J 1Fr| qh/ Sk| v1Ohww1: 6E +4<: ; , 536>N1Nroohudqg

W1Z dovk1Qxfo1Sk| v1E473+4<: ; , 77<

^5‘ Sulydwh frp p xqlfdwlrq z lwk ElooGxqz rrglh1

^6‘ ElooGxqz rrglh dqg Oldqj slqj Fkhq/ VODF0SXE : 496

^7‘ I 1D1Kduulv dqg Z dqj P hqj / Dqdo| vlv Qrwh=Qxp ehu ri ϑ_∋ Hyhqwv/ Dsu 43/ 4<<;

^8‘ Frp p xqlfdwlrq z lwk ElooGxqz rrglh dqg Ol [ lqkxd1

^9‘ [ lqkxd Ol/ EHVDqdo| vlv P hp r � Revhuydwlrq ri ϑ+5v, ↔ ζτ_. τ_{∗ /} I he157/ 4<<;

47