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Main Point of this Talk

2

Experimental investigations of gluonic mesons need 
to move beyond “bump hunting.” Amplitudes must 
be extracted and poles identified.

Careful “amplitude analyses” are difficult and it is 
necessary to keep a close eye on systematic effects.

Resonant poles may have large widths. Various 
manifestations of the strong interaction will have to 
be considered and, possibly, used to interpret results.
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Results are presented on a partial wave analysis of the ωη final state produced in π−p interactions
at 18 GeV/c where ω → π+π−π0, π0 → 2γ , and η → 2γ. We observe the previously unreported
decay mode ω(1650) → ωη and a new 1+− meson state h1(1595) with a mass M = 1594(±15)

(

+10
−60

)

MeV/c2 and a width Γ = 384(±60)
(

+70
−100

)

MeV/c2. The h1(1595) state exhibits resonant-like phase
motion relative to the ω(1650).

INTRODUCTION

Studies of meson spectra via strong decays of
hadrons provide insight regarding QCD at the confine-
ment scale. These studies have led to phenomenological
models such as the constituent quark model. However,
QCD demands a much richer spectrum of meson states
which includes extra states such as hybrids(qq̄g), mul-
tiquarks (qq̄qq̄), and glueballs (gg or ggg). Experiment
E852 at Brookhaven National Laboratory is an experi-
ment in meson spectroscopy configured to detect both
neutral and charged final meson states of π−p collisions
in a search for meson states beyond those compatible
with the constituent quark model.

The apparatus was located at the Multi-Particle Spec-
trometer (MPS) of Brookhaven’s Alternating Gradient
Synchrotron (AGS). The AGS delivered an 18 GeV/c π−

beam to a fixed liquid hydrogen target at the MPS. The
MPS facility was augmented with additional detectors
designed specifically for E852 which consisted of 3 inte-
gral regions: target, charged tracking, and downstream
regions(see Figure 1).

The target region was located in the middle of the MPS
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FIG. 1. The plan view of E852 Apparatus located at
the Multi-Particle Spectrometer of Brookhaven’s Alternating
Gradient Synchrotron.

Example (not exotic):
Peripheral Production 
of b1(1235) in E852
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a picture frame consisting of four box shaped sections

was placed after the second PWC. This detector in

conjunction with four scintillators allowed for rejec-

tion of downstream wide-angle photons that fell out-

side the acceptance of the LGD.

The trigger for the reaction π−p → ωπ−p, ω →
π+π−π0, π0 → γ γ required three forward-going

charged particles, as well as one large angle charged

recoil (i.e., the final state proton) in TCYL. A total of

265 million such triggers were recorded during the

1995 running period of E852. Photons from π0 →
γ γ were detected in the LGD. After requiring charge

and energy–momentum conservation in addition to

topological and fiducial cuts, 8.2 million events of

the type π+π−π−γ γ and a missing mass around

the mass of the proton remained. A 2 constraint

kinematical fit, requiring a proton recoil at the main

vertex and a π0 from the 2γ ’s, with a confidence level

(c.l.) > 5%, resulted in 1.2 million π+π−π0π−p
events. An additional kinematical constraint requiring

the π+π−π0 mass to be consistent with the ω mass

was imposed. Events with a c.l. > 5% were selected,

resulting in a final sample of 224 thousand ωπ−p

exclusive events which were then subjected to more

detailed analysis.

Fig. 1 shows the π+π−π0 invariantmass spectrum.

There are two entries per event, corresponding to

the two neutral three pion combinations. The hatched

region corresponds to a cut around the ω peak, defined

as 0.760 < m(π+π−π0) < 0.845 GeV/c2, which
dominates the spectrum. There is also a significant

number of events in the region of the a1(1260) and

the a2(1320).
The π+π−π0π− effective mass spectrum is shown

in Fig. 2, before (un-hatched) and after (hatched) the ω
selection. The 4π spectrum shows two distinct peaks

after the ω cut, one around the b1(1235) mass, and

one at the ρ3(1690) mass. As seen in Fig. 1, there
is a significant, approximately linearly increasing

background under the ω peak. Its magnitude is on the

order of 25%, and it arises mainly from the a1/a2
resonances, which also decay to 3π . This is confirmed

from the PWA results discussed in Section 3.

The distribution of four-momentum transfer squar-

ed,−t , is shown in Fig. 3. For the PWA only data with

0.1 < −t < 1.5 (GeV)2 were used. In this region, the
−t distribution was fitted to a function of the form

f (t) = P1e
P2t + P3e

P4t , with the coefficients P1 =

Fig. 1. Invariant mass spectrum for π+π−π0.

Fig. 2. Invariant mass spectrum for π+π−π0π− (un-hatched) and

the ωπ− (hatched) combinations.

9.9± 0.01 and P3 = 7.7± 0.10, and the slope values
P2 = 4.5 ± 0.052 (GeV2)−1 and P4 = 1.7 ± 0.070

(GeV2)−1.

b1

All 4π

ωπ
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Fig. 6. Acceptance-corrected intensities for the Jpc = 1+−mεL partial waves. Only the positive reflectivity waves are used in the measurement

of D/S . Notice the different ordinate scale for the weaker negative reflectivity signals.

mε = 0+,1±. As mentioned earlier, the −(+) reflec-
tivity corresponds to an unnatural(natural) parity ex-

change. The mε = 0+ and 1+ b1 production mech-
anism is most likely through ω exchange. Since the

PWA results show that b1 production through the un-

natural parity exchanges is small and the error bars on

the corresponding negative reflectivity waves is large,

they were omitted from the measurement of the D/S.

TheD/S ratios of both themε = 0+,1+ b1 decay am-

plitudes were set to a complex number, Reiφ , leaving

all other partial waves free to vary independently. A

grid search was then performed in R and φ for which
the−ln(likelihood) function, as written in Eq. (2), was
minimized. Convergence in both R and φ was reached

after few iterations. The details of the procedure can

be found in [27].

The projections of the −ln(likelihood) function at
the minimum forD/S magnitude and phase are shown
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Fig. 5. Acceptance-corrected intensities from the results of a PWA fit. The list of ω waves included in this fit is shown in Table 1. Individual

contributions for different Jpc are shown. Each Jpc is the sum of the allowed mεL included in the fit.

intensity at ∼ 1650 MeV. A detailed study of this

potentially exotic state will be the subject of a future

publication.

The individual partial wave contributions for Jpc =
1+− with different mεL are shown in Fig. 6 and the

corresponding phase differences between the D and S
waves of the same mε are shown in Fig. 7. It is clear

from the intensity plots that b1 production is domi-

nated by the natural parity exchanges. As expected, the

phase difference for themε = 0+ and 1+ waves are ap-
proximately constant, even over the extended b1 mass

region (∼1.1–1.5 GeV). The behavior of the mε = 1−

phase difference (not shown) is erratic due to the small

intensities and the large error bars. Only the positive

reflectivity waves are used in the measurement of the

D/S.

4. D/S magnitude and phase measurement

From the final set of PWA fits we determine the in-

dividual Jpc = 1+− mε production amplitudes, where
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M. Nozar, et al., 
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Precision Result
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Fig. 7. Phase differences between the 1+−mε D and S waves with

positive reflectivity, mε = 0+ (1+) in the top (bottom) plot. The

dashed lines are drawn at the mass of the b1 to guide the eyes.

in Figs. 8 and 9, respectively, for the set of waves

chosen in the PWA fit as shown in Table 1. These

results are based on a set of ωπ− events in a 160

MeV wide mass bin around the b1 mass (1.155–

1.315 GeV) with the −t in the range (0.1–1.5 GeV2).

The points in each plot were fit to a second order

polynomial function where the minima are found

to be |D/S| = 0.269 ± (0.009)stat ± (0.01)sys, and

φ(D − S) = 0.184 ± (0.042)stat ± (0.07)sys rad or
10.54 ± (2.4)stat ± (3.9)sys deg. The statistical error

in each measurement corresponds to the change in

−ln(likelihood) by 0.5 units. The main sources of the
systematic error considered were the choice of the

wave set in the PWA fits and the size of the ωπ−

mass bins used in the scans. Regarding the choice of

the wave sets, two sets of waves with reasonable fit

results were used. Both sets contained an isotropic

wave and the same number waves with either an a1
or a2 isobars in the final state. One set consisted of the
ω waves listed in Table 1 while the other consisted

of a subset of 13 largest waves from that list. For

the ωπ− mass widths, six sets of independent scans

were performed in 60, 80, 100, 120, 140 and 160

MeV wide ωπ mass bins around the nominal b1 mass.

Fig. 8. The projection of the −ln(likelihood) as a function of |D/S|.
The distribution was fitted to a second order polynomial function,

with the minimum at |D/S| = 0.269± 0.009.

Fig. 9. The projection of the −ln(likelihood) as a function of
φ(D − S). The distribution was fitted to a second order polynomial

function, with the minimum at φ(D − S) = 0.184 ± 0.042 rad, or

10.54◦± 2.4◦ .

No significant systematic change in either |D/S| or
φ(D − S) was observed within the statistical errors,
and the systematic errors quoted are a conservative

estimate.

42 Brookhaven E852 Collaboration / Physics Letters B 541 (2002) 35–44

Fig. 7. Phase differences between the 1+−mε D and S waves with

positive reflectivity, mε = 0+ (1+) in the top (bottom) plot. The

dashed lines are drawn at the mass of the b1 to guide the eyes.

in Figs. 8 and 9, respectively, for the set of waves

chosen in the PWA fit as shown in Table 1. These

results are based on a set of ωπ− events in a 160

MeV wide mass bin around the b1 mass (1.155–

1.315 GeV) with the −t in the range (0.1–1.5 GeV2).

The points in each plot were fit to a second order

polynomial function where the minima are found

to be |D/S| = 0.269 ± (0.009)stat ± (0.01)sys, and

φ(D − S) = 0.184 ± (0.042)stat ± (0.07)sys rad or
10.54 ± (2.4)stat ± (3.9)sys deg. The statistical error

in each measurement corresponds to the change in

−ln(likelihood) by 0.5 units. The main sources of the
systematic error considered were the choice of the

wave set in the PWA fits and the size of the ωπ−

mass bins used in the scans. Regarding the choice of

the wave sets, two sets of waves with reasonable fit

results were used. Both sets contained an isotropic

wave and the same number waves with either an a1
or a2 isobars in the final state. One set consisted of the
ω waves listed in Table 1 while the other consisted

of a subset of 13 largest waves from that list. For

the ωπ− mass widths, six sets of independent scans

were performed in 60, 80, 100, 120, 140 and 160

MeV wide ωπ mass bins around the nominal b1 mass.

Fig. 8. The projection of the −ln(likelihood) as a function of |D/S|.
The distribution was fitted to a second order polynomial function,

with the minimum at |D/S| = 0.269± 0.009.

Fig. 9. The projection of the −ln(likelihood) as a function of
φ(D − S). The distribution was fitted to a second order polynomial

function, with the minimum at φ(D − S) = 0.184 ± 0.042 rad, or

10.54◦± 2.4◦ .

No significant systematic change in either |D/S| or
φ(D − S) was observed within the statistical errors,
and the systematic errors quoted are a conservative

estimate.

|D/S|=0.269±0.009±0.010
Φ(D-S)=+0.184±0.042±0.07

Note: Φ(D-S) agrees with
Ackleh, Barnes, & Swanson 
Phys.Rev.D54(1996)6811



Two Important Classes 
of Gluonic Mesons
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• Exotic Quantum Numbers

“Manifestly exotic” states that cannot be 
formed by a quark plus antiquark

Best bet for the future: GlueX

• Glueballs

States with “pure glue” as the largest 
component of the wave function

Best bet for the future: BES III



Exotic Quantum Numbers

• Some meson quantum numbers cannot be 
formed from a quark-antiquark pair

e.g. JPC=0−−, 0+−,1−+, 2+−, ...

• The identification of such a “resonance” is 
unequivocal evidence for an “exotic” meson

• Is it a gluonic meson? Do the spectroscopy 
and investigate the decay patterns.

In other words, the dynamics are the key

7
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One Example: JPC=1−+ in 3π
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A partial-wave analysis of the reaction p2p ! p1p2p2p at 18 GeV!c has been performed
on a data sample of 250 000 events obtained by Brookhaven experiment E852. The expected
JPC ! 111a1"1260#, 211a2"1320#, and 221p2"1670# resonant states are clearly observed. The exotic
JPC ! 121 wave produced in the natural parity exchange processes shows distinct resonancelike phase
motion at about 1.6 GeV!c2 in the rp channel. A mass-dependent fit results in a resonance mass of
1593 6 8129

247 MeV!c2 and a width of 168 6 201150
212 MeV!c2. [S0031-9007(98)07994-0]

PACS numbers: 12.39.Mk, 13.25.Jx, 13.85.Hd, 14.40.Cs

Much progress has been made in recent years in the
theoretical description of hadrons which lie outside the
scope of the constituent quark model. Quantum chro-
modynamics (QCD) predicts the existence of multiquark
qq̄qq̄ and hybrid qq̄g mesons as well as purely gluonic
states. The most suggestive experimental evidence for an
exotic meson would be the determination of quantum num-
bers JPC ! 022, 012, 121, 212, etc. A qq̄ pair cannot
form a state with such quantum numbers.
Several isovector 121 exotic candidates have been re-

ported recently. A 121 signal in the hp channel has
been seen by several groups. Although early measure-
ments [1,2] were inconclusive, the most recent measure-
ments [3,4] have presented strong evidence for a 121

state near 1.4 GeV!c2. Another 121 state with a mass
of 1.6 GeV!c2 was observed in the h0p [2] and rp [5]
channels. Additionally, a state with resonant phase be-
havior has been seen above 1.9 GeV!c2 in the f1p [6]
channel.
Theoretical predictions for the mass of the lightest 121

hybrid meson are based on various models. The flux tube
model [7,8] predicts 121 states at 1.8 2.0 GeV!c2. Simi-
lar results are obtained in the calculations based upon
lattice QCD in the quenched approximation [9]. Earlier

bag model estimates suggest somewhat lower masses in
the 1.3 1.8 GeV!c2 range [10]. Quantum chromody-
namics sum-rule predictions vary widely between 1.5 and
2.5 GeV!c2 [11]. The diquark cluster model [12] predicts
the 121 state to be at 1.4 GeV!c2. Finally, the constituent
gluon model [13] concludes that light exotics should lie in
the region 1.8 2.2 GeV!c2. Most of these models predict
the dominance of such decay modes of the hybrid meson as
b1"1235#p or f1"1285#p , with small (but non-negligible)
rp decay probability [14].
In this Letter we present experimental evidence for

an isovector 121 exotic meson produced in the reaction
p2p ! p1p2p2p. Experiment E852 was performed
at the Multi-Particle Spectrometer facility at Brookhaven
National Laboratory (BNL). The experimental apparatus
is described elsewhere [3,15,16]. A p2 beam of mo-
mentum 18.3 GeV!c and a liquid hydrogen target were
used. The trigger was based on the requirement of three
forward-going charged tracks and one charged recoil track.
Seventeen million triggers of this type were recorded by
the experiment during the 1994 run. After reconstruction,
700 000 events with the correct topology remain. Of these,
250 000 events remain after kinematic cuts are applied to
ensure an exclusive sample of events with a proton recoil.

5760 0031-9007!98!81(26)!5760(4)$15.00 © 1998 The American Physical Society
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Figure 1 shows the p1p2p2 and p1p2 mass spectra.

The well-known a1!1260", a2!1320", and p2!1670" reso-
nances dominate the three-pion spectrum. The two-body

mass spectrum shows clear evidence for the r!770" and
f2!1270" isobars.
A partial-wave analysis (PWA) of these data was per-

formed using a program developed at BNL [17]. Each

event is considered in the framework of the isobar model:

an initial decay of a parent particle into a pp isobar and

an unpaired pion followed by the subsequent decay of the

isobar. Each partial wave a is characterized by the quan-

tum numbers JPC#isobar$LMe . Here JPC are spin, parity,

and C parity of the partial wave;M is the absolute value of

the spin projection on the quantization axis; e is the reflec-
tivity (and corresponds to the naturality of the exchanged

particle); L is the orbital angular momentum between the

isobar and the unpaired pion.

The spin-density matrix is parametrized in terms of the

complex production amplitudes Vke
a for wave a with re-

flectivity e [18]. These amplitudes are determined from
an extended maximum likelihood fit. The index k corre-
sponds to the different possibilities at the baryon vertex

and defines the rank of the spin-density matrix. This rank

does not exceed 2 for the proton-recoil reaction (from pro-

ton spin-nonflip and spin-flip contributions). It was de-

termined that a fit with the spin-density matrix of rank 1

presented here adequately describes the data.

The experimental acceptance was taken into account by

means of Monte Carlo normalization integrals as described

in [17]. Relativistic Breit-Wigner functions with standard

Blatt-Weisskopf factors were used in the description of the

r!770", f2!1270", and r3!1690" isobars. The p1p2 S-
wave parametrization was based on the K-matrix formal-
ism [19]. The results presented here were obtained in a fit

with the K-matrix parametrization based on the modified
“M” solution of [20].
The partial-wave analysis was performed in 40 MeV%c2

mass bins and for 0.05 , 2t , 1.0 !GeV%c"2. Goodness

of fit was estimated by a qualitative comparison of the

experimental moments H!LMN" with those predicted by
the PWA fit [18]. These moments are the integrals of
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FIG. 1. Experimental effective mass distribution without ac-
ceptance correction: (a) p1p2p2 mass spectrum; (b) p1p2

mass spectrum (two entries per event).

the DL
MN !a, b, g" functions of three Euler angles taken

over the experimental or predicted angular distributions.

It was determined that a minimal set of 21 partial waves

is required in order to achieve a reasonable agreement

between the experimental and predicted moments. This set

takes into account all relevant decay modes of the known

resonances. It includes three 021 waves, four 111 waves,

three 121 waves, two 211 waves, seven 221 waves, one

311 wave, and a noninterfering isotropic wave (which

turned out to be rather small). The 121 waves were found

to be essential for the description of the moments.

The acceptance-corrected numbers of events for the

major nonexotic spin-parity states predicted by the PWA fit

are shown in Fig. 2. The JPC ! 111 wave corresponding

to the a1!1260" meson is dominant and accounts for

almost half of the total number of events in the sample.

The a2!1320" is prominent in the JPC ! 211 waves,

and the p2!1670" dominates the JPC ! 221 waves. The

JPC ! 021 spectrum is quite complex. Its shape below

1.6 GeV%c2 is very sensitive to the choice of the p1p2

S-wave parametrization. Despite this complexity, the

p!1800" state is clearly seen in the spectrum.
The intensities of the exotic waves are shown in Fig. 3.

All three 121#r!770"$P waves with Me ! 02, 12, 11

(denoted as P0, P2, and P1) show broad enhancements

in the 1.1–1.4 and 1.6 1.7 GeV%c2 regions. At the

same time, the 121# f2!1270"$D11 wave (not shown) is

consistent with zero.

The phase difference between the 121#r!770"$P11

wave and all other significant natural parity exchange

waves indicates a rapid increase in the phase of the 121

wave across the 1.5 1.7 GeV%c2 region; this is consistent

with resonant behavior. Some of these phase differences

are shown in Figs. 4 and 5.

Extensive studies have been made to test the stabil-

ity of the results with respect to the assumptions made

in the analysis. It was found that no significant change
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in the 121 waves takes place by inclusion of rank 2 in

the spin-density matrix, by a different choice of the pp
S-wave parametrization, by exclusion of the events from
the regions with a relatively large uncertainty in the instru-

mental acceptance, or by making PWA fits in restricted

regions of t.
The impact of the finite resolution and acceptance of the

apparatus on the 121 signal was estimated by the following

method. Monte Carlo events were generated in accordance

with the spin-density matrix found in the fit of the real data,

except for the matrix elements corresponding to the 121

waves which were set to zero. TheMonte Carlo simulation
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of the instrumental acceptance and resolution was applied

to the generated events. Intensities of the 121 waves

found in the partial-wave fit of this sample are shown

as shaded histograms in Fig. 3. Considerable leakage

from the nonexotic waves to the 121 waves is evident

below 1.4 GeV%c2. An additional study has identified the

111!r"770#$S01 wave as a primary source of this leakage

at small values of the three-pion effective mass. Leakage

from the 211 and 221 waves turned out to be negligible.

The presence of leakage prevents us from drawing any

conclusion about the nature of the low-mass enhancement

in the 121 spectrum. However, the second peak in the

121 intensities at 1.6 GeV%c2 (where resonant behavior is

observed) is not affected by the leakage problem.

We have also studied how our results for the exotic 121

wave are affected by the choice of the partial waves used

in the PWA fit. Numerous wave sets (J # 4, jMj # 1,
with up to 42 waves in a set) were tried in the fits. The

resonant phase motion of the 121 wave was present in all

fits, although the magnitude and width of the peak in the

121 intensity varied. These variations lead to the rather

large model-dependent systematic uncertainties which we

assign to the parameters of the 121 state.

To determine the resonance parameters, a series

of two-state x2 fits of the 121!r"770#$P11 and

221! f2"1270#$S01 waves as a function of mass was

made. The latter wave was chosen as an anchor because

it is a major decay mode of the p2"1670#, the only well-
established resonance in the vicinity of 1.6 GeV%c2. An

example of such a fit is shown in Fig. 5. The x2 function

of the fit is x2 !
P

YT
i E21

i Yi , where Yi is a three-element
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Same experiment, more data, another mode, and new analysis:Partial wave analysis of the!!!!!" and!!!0!0 systems and the search for aJPC # 1!" meson
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A partial wave analysis (PWA) of the !!!!!" and !!!0!0 systems produced in the reaction !!p !
$3!%!p at 18 GeV=c was carried out using an isobar model assumption. This analysis is based on 3.0 M
!!!0!0 events and 2.6 M !!!!!" events and shows production of the a1$1260%, a2$1320%, !2$1670%,
and a4$2040% resonances. Results of detailed studies of the stability of partial wave fits are presented. An
earlier analysis of 250 K !!!!!" events from the same experiment showed possible evidence for a
JPC # 1!" exotic meson with a mass of &1:6 GeV=c2 decaying into "!. In this analysis of a higher
statistics sample of the $3!%! system in two charged modes we find no evidence of an exotic meson.

DOI: 10.1103/PhysRevD.73.072001 PACS numbers: 11.80.Cr, 13.60.Le, 13.60.Rj

I. INTRODUCTION

In this paper we present a partial wave analysis (PWA)
of a high-statistics sample of events corresponding to the
production of the $3!%! system produced in !!p colli-
sions in two modes: !!!0!0 and !!!!!". This sample
size exceeds, by at least an order of magnitude, the largest
published sample size of 3! events to date. Previous 3!
analyses led to the discovery and/or determination of prop-
erties of the a1$1260%, a2$1320%, !2$1670%, !$1800%, and
the a4$2040% resonances [1–8].

In 1998, the E852 collaboration reported evidence for
the !1$1600%, a JPC # 1!" exotic hybrid meson with a
mass of 1:6 GeV=c2 decaying into "! [9,10]. That analy-
sis was based on 250 000 events of the reaction !!p !
!!!!!"p collected in 1994. We report on the analysis of
additional data collected in 1995 including 3.0 M events of
the reaction !!p ! !!!0!0p and 2.6 M events of the
reaction !!p ! !!!!!"p.

The identification of exotic mesons requires a PWA to
extract signals. The 3! system provides a particularly
attractive venue for such searches since earlier work sug-
gests a rich spectrum of meson resonances. If an exotic
meson is produced with relatively small amplitude, its
interference with nearby well-established resonances is a
sensitive search tool.

In almost all of the published amplitude analyses of the
3! system, the isobar model was employed—a 3! system
with a particular JPC is produced and decays into a di-pion
resonance with well-defined quantum numbers and a
bachelor ! followed by the decay of the di-pion resonance.
This assumption is successful in describing many features
of the 3! system and is motivated by the observation that

the di-pion effective mass spectrum shows prominent reso-
nance production, for example, the "$770% and the
f2$1275%. The di-pion resonances considered in this analy-
sis include the f0$980%, "$770%, f2$1275%, and the
"3$1690%. We also include parametrizations of S-wave
!! scattering.

In this analysis, we observe the a1$1260%, a2$1320%,
!2$1670%, and the a4$2040% in appropriate partial wave
intensities and in their relative phase differences. We also
searched for, but find no evidence for, the JPC # 1!"

exotic !1$1600% in either the !!!0!0 or !!!!!" mode.
In order to extract reliable information from a partial

wave analysis it is important to establish a procedure for
determining a sufficient set of partial waves. Failure to
include important partial waves in the series expansion
may lead to inconsistent results and erroneous conclusions.
In this paper we describe our procedure for determining a
sufficient wave set. That procedure includes a study of the
effect of removing individual partial waves on the quality
of the fit and a comparison of moments as calculated from
PWA solutions with those computed directly from data. We
emphasize that this analysis is similar to that of
References [9,10] in that the same isobar model assump-
tions are made but the final set of partial waves used is
different. Both analyses make the same assumptions about
coherence between different partial waves. It is possible
that relaxing these coherence assumptions could lead to
different results in both analyses.

A. General features of the $3!%! system

The 3! system with nonzero charge has isospin I > 0,
and, since no flavor exotic mesons have been found, we
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D. Further discussion of the significance of the exotic
wave

In Fig. 26 above we show 2!" wave intensities that were
included in the high-wave set but not the low-wave set. We
collectively refer to these waves as the other 2!" waves.
The effect on the exotic wave of removing these other 2!"

waves from the high-wave set is shown in Figs. 27 and 28
for the neutral and charged modes, respectively. In Fig. 30
we show the change in lnL that results when the other 2!"

waves are removed from the high-wave set as a function of
3! mass for the neutral and charged modes (see the dashed
line). The sign convention of this difference is such that
positive (negative) values indicate inclusion of this partial
wave improved (degraded) the fit quality. In addition, the

change in lnL that results from removing the positive
reflectivity exotic partial wave is also shown (solid line).
Removing the other 2!" waves has a much more signifi-
cant effect on the change in lnL than removing the exotic
wave. We also note that even though the 2!"1" P-wave
"! intensity does not show peaking at the !2 but rather a
rise at lower masses, the change in lnL shown in Fig. 30
clearly indicates the importance of including all three of
these 2!" waves in the region of the purported exotic peak.

E. t dependence studies

1. The exotic wave

We examined the stability of the exotic wave intensity
and the intensity of other waves across the 12t-bins shown

(a) (b)

FIG. 25 (color online). (a) The 1!"1" P-wave "! partial wave in the charged mode (!!!!!") for the high-wave set PWA and the
low-wave set PWA and (b) the phase difference !" between the 2"" and 1!" for the two wave sets.

(a) (b)

FIG. 24 (color online). (a) The 1!"1" P-wave "! partial wave in the neutral mode (!!!0!0) for the high-wave set PWA and the
low-wave set PWA and (b) the phase difference !" between the 2"" and 1!" for the two wave sets.
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Effect of including important waves

in Table III for the high-wave fit in the charged 3!. As
noted in Table III, the width of the jtj bin for the first five
bins is 0:02 !GeV=c"2 and 0:05 !GeV=c"2 for the other

bins. Figures 31–33, show the variation of the 1#$1$

P-wave "! intensity, the 2#$0$ S-wave f2! intensity,
and the phase difference between the 1#$ and 2#$ ampli-

FIG. 26 (color online). The intensities for the 2#$0$ F-wave "! (open circles), 2#$1$ F-wave "! (filled black circles), and
2#$1$ P-wave "! (filled gray circles) waves for the neutral and charged modes. These waves were included in the high-wave set but
not in the low-wave set.

FIG. 27. The positive reflectivity 1#$ P-wave "! intensity for
the neutral mode for the high-wave set (filled circles), the
modified high-wave set (filled squares), and the low-wave set
(open circles). In the modified high-wave set the two 2#$

F-wave "! waves and the 2#$1$ P-wave "! wave were
removed.

FIG. 28. The positive reflectivity 1#$ P-wave "! intensity for
the charged mode for the high-wave set (filled circles), the
modified high-wave set (filled squares), and the low-wave set
(open circles). In the modified high-wave set the two 2#$

F-wave "! waves and the 2#$1$ P-wave "! wave were
removed.

A. R. DZIERBA et al. PHYSICAL REVIEW D 73, 072001 (2006)

072001-18

Adding waves corresponding to

allowed decays of the 

results in the disappearance of 

evidence for the exotic meson

π2(1670)
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The effect of including the important waves...
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For the Future:
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TABLE XXI: The final glueball spectrum in physical units.
In column 2, the first error is the statistical uncertainty com-
ing from the continuum extrapolation, the second one is the
1% uncertainty resulting from the approximate anisotropy.
In column 3, the first error comes from the combined uncer-
tainty of r0MG, the second from the uncertainty of r−1

0 =
410(20) MeV

JPC r0MG MG (MeV)
0++ 4.16(11)(4) 1710(50)(80)
2++ 5.83(5)(6) 2390(30)(120)
0−+ 6.25(6)(6) 2560(35)(120)
1+− 7.27(4)(7) 2980(30)(140)
2−+ 7.42(7)(7) 3040(40)(150)
3+− 8.79(3)(9) 3600(40)(170)
3++ 8.94(6)(9) 3670(50)(180)
1−− 9.34(4)(9) 3830(40)(190)
2−− 9.77(4)(10) 4010(45)(200)
3−− 10.25(4))(10) 4200(45)(200)
2+− 10.32(7)(10) 4230(50)(200)
0+− 11.66(7)(12) 4780(60)(230)

In the tensor channel, the glueball matrix element is
extrapolated to 1.0±0.2 GeV3 in the continuum, which is
the average of results of E and T2 channels. In the calcu-
lation, it is found that in the lattice spacing range we use,
the glueball mass and matrix elements are approximately
independent of the lattice spacing, this implies that the
lattice artifacts might be neglected here. If the renor-
malization constant ZT ≈ 0.52(15) of the tensor operator
does not change much in the range of lattice spacing and
applies to all the β values in this work, the renormalized
matrix element of tensor operator is 0.52 ± 0.19 GeV3,
which is in agreement with the prediction 0.35 GeV3 from
the tensor dominance model [17] and QCD sum rule [18]
for the tensor mass around 2.2 GeV.

VII. Conclusion

The glueball mass spectrum and glueball-to-vacuum
matrix elements are calculated on anisotropic lattices in
this work. The calculations are carried out at five lattice
spacings as’s which range from 0.22 fm to 0.10 fm. Due
to the implementation of the improved gauge action and
improved gluonic local operators, the lattice artifacts are
highly reduced. The finite volume effects are carefully
studied with the result that they can be neglected on the
lattices we used in this work.

As to the glueball spectrum, we have carried out cal-
culations similar to the previous work [4] on much larger
and finer lattices, so that the liability of the continuum
limit extrapolation is reinforced. Our results of the glue-

ball spectrum is summarized in Tab. XXI and Fig. 16.
After the non-perturbative renormalization of the local

gluonic operators, we finally get the matrix elements of
scalar(s), pseudoscalar(p), and tensor operator (t) with
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the results

s = 15.6 ± 3.2 (GeV)3

p = 8.6 ± 1.3 (GeV)3

t = 0.52 ± 0.19 (GeV)3, (62)

where the errors of s and t come mainly from the errors
of the renormalization constants ZS and ZT . The more
precise calculation of ZS and ZT will be carried out in
later work.
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• What is the 
production 
mechanism 
to utilize?

• What is the 
mixing with 
quark model 
mesons?

Two big issues:
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(In my opinion)

S
3

1

S
1

0

QQ

g*

g*
qq

I

I

1600201-003

“Glueball”

“J/ψ Radiative Decay” i.e. J/ψ→γ+Glueball 

Production rate should be calculable in pQCD but 
the manifestation of a “glueball” can be tricky!

See, e.g., Chanowitz, Phys.Rev.Lett. 95(2005)172001
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(Again, in my opinion)

• Hermetic detector with excellent photon 
resolution and good background rejection

• Keep the final state as simple as possible
e.g. (γ)ππ, (γ)KK, (γ)ηη  for 0++,2++

• Model-independent amplitude analyses

• Fit final amplitudes to poles while forcing 
unitarity and allowing channels to couple

➥ Unravel the scalar (and tensor?) spectrum and look 
for “extra” states compared to the quark model



For the Future:
BES III is the Place to Be!
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Expect very large J/ψ sample, taken with a detector 
having all the right characteristics.

Note: CLEO-c will not take data at the J/ψ

(Thank you)

The collaboration already has lots of experience!


